Gradient plasticity theories which are used to describe size effects require nonstandard boundary conditions. We believe that the role of these boundary conditions in combination with a moving elastic-plastic boundary has so far not been well understood. In order to clarify the conditions which are required at such an internal boundary, semi-analytical solutions are derived for a foil in pure bending. Two variants of gradient theories are considered, for which the necessary conditions are significantly different.
Introduction
Plastic yielding responses which do not satisfy the scaling laws associated with classical continuum mechanics are observed in experiments at the scale of 10 µm and below; see e.g. [1] and references therein for examples. The observation of these so-called size effects has sparked the formulation of a number of higher-order continuum plasticity theories [2] [3] [4] .
In this contribution we focus on the class of theories which have been inspired by Aifantis's proposal to include the second gradient of (effective) plastic strain in the yield condition of a conventional plasticity theory [2, 5, 6] . Their implementation in finite element codes is often regarded to be simpler than that of full strain-gradient theories based on the Toupin-Mindlin framework, (see e.g. [6] ). However, a complication which is often overlooked is that they require nonstandard boundary conditions (or continuity conditions) at the boundary of the plastic zone. The role of these conditions is relatively well understood at external boundaries and at stationary elastic-plastic boundaries, but it becomes more complicated if the plastic zone grows during the deformation process-a situation which should be quite common in an elastoplasticity theory. Furthermore, the algorithmic treatment of this situation in finite element implementations presents a significant challenge.
Given the above difficulties of the Aifantis-type of gradient plasticity theories, and based on our previous experience with gradient damage formulations, we have recently proposed a reformulation of the theory, which we refer to as implicit gradient plasticity [7] . In this new theory, nonstandard boundary conditions are required only at the external boundary. As a result, a finite element formulation can be derived in a relatively straightforward fashion. An implicit solution algorithm can be constructed which uses consistent full Newton-Raphson iterations and which is similarly robust as the gradient damage formulation from which concepts have been borrowed [8] . Size effects predicted by the new theory are similar, but not exactly equal, to those in the existing theory [7] .
The purpose of this paper is to highlight the requirements introduced by moving elasticplastic boundaries in the existing form of gradient dependence as well as in the more recent formulation. We will use a plane-strain bending problem, modelled after the experiments by Stölken and Evans [9] , as a prototypical case. Assuming incompressible elastic behaviour and linear hardening plasticity, the equations which govern the problem can be reduced to a single partial differential equation. This allows us to expose the necessary initial and boundary conditions in the two theories in a transparent manner. Based on these conditions, semianalytical solutions are constructed, thus demonstrating the well-posedness of the resulting initial-boundary value problems and providing a reference against which computational implementations can be validated.
Foil in bending-von Mises elastoplasticity analysis

Elastoplasticity formulation
The elastoplasticity formulation which will form the basis of our developments consists of incompressible, isotropic elasticity combined with linear hardening von Mises plasticity. An infinitesimal-strain formulation is used. We briefly summarize the governing equations here to set the stage for the gradient dependent theories considered below.
The infinitesimal strain tensor ε ij is decomposed additively into an elastic and a plastic part:
The elastic part of the strain tensor is related to the deviatoric part of the stress tensor, σ d ij , via the generalized Hooke's law
where E denotes Young's modulus. Whether plastic yielding occurs is decided on the basis of a yield function f which, assuming linear strain hardening, reads
In this expression σ y and h denote the initial yield stress and the hardening modulus, respectively; the equivalent stressσ and the effective plastic strainε p are defined in the usual way viaσ
For f < 0 an elastic response is predicted, whereas plastic yielding results if f = 0. Upon yielding, the plastic strain ε p ij evolves according to the flow rulė
in such a way that always f 0. 
Bending problem
The problem which we consider throughout this paper is sketched in figure 1 . It consists of a foil of thickness 2H which is bent around the x 3 -axis to a curvature κ. For simplicity, κ is assumed to be a monotonically increasing function of time. The deformation of the foil is independent of the x 1 and x 3 coordinates and a plane strain state is assumed in the direction of x 3 . We will concentrate on the top half of the foil, i.e. on the domain 0 x 2 H ; the solution for the lower half can then easily be obtained using symmetry and anti-symmetry arguments.
If we furthermore assume incompressibility of the elastic as well as the plastic response, the only nonvanishing strain components in the foil are
The surfaces of the foil are traction-free and are assumed to present no additional resistance against plastic slip-such as that arising from, for example, an oxide film. As a result of equilibrium, symmetry and the fact that the stresses σ ij are independent of x 1 and x 3 , it can easily be verified that the following relation holds
and all other components of the stress deviator vanish. Inserting these expressions in the flow rule (5) and using the fact that we consider only monotonic loading shows that similarly to (7) we have ε
Relations (7) and (8) allow us to reduce the equations which govern the elastoplastic deformation of the foil to a single differential equation. To this end, differentiate (1) with respect to time and substitute (2) and (5). Then substitute (7) and set the resulting expression equal to the time derivative of the prescribed strain (6) to obtain 1 2
In the elastic region we haveε p = 0 and, given the initial conditionε p (x 2 , 0) = 0, alsõ ε p (x 2 , t) ≡ 0. The plastic strain tensor and the (deviatoric) stress tensor then follow via (8), (1) and (2) and the equivalent stress reads
In the plastic region (9) can be further reworked by using the consistency relationḟ = 0 to giveε Figure 2 . Space-time domain on which the equations governing standard elastoplasticity must be solved. Equation (11) holds in the plastic region, indicated by P in the diagram; E denotes the elastic region. Two initial/boundary conditions must be provided at the elastic-plastic boundary
The general solution of this equation can be written as
where the function g(x 2 ) appears as an integration 'constant'.
Necessary conditions
It is now instructive to consider the region in the space-time domain (0, H ) × (0, ∞) in which the above equations hold. The situation has been sketched in figure 2 . Initially, an elastic response is obtained throughout the thickness of the foil. In this region, indicated by an E in the diagram, we haveε p (x 2 , t) ≡ 0. Region P in the diagram represents the zone in which plastic yielding has occurred. Yielding starts at the outer fibre of the foil (at x 2 = H ) at a certain time t = t 1 and spreads into the thickness of the foil as the curvature is further increased. We denote (half) the thickness of the elastic zone by d(t), so that we have x 2 = d(t) on the boundary between regions E and P, i.e. on the elastic-plastic boundary. In order to uniquely determine the two functions which are yet unknown, d(t) and g(x 2 ), we need to impose two conditions at the elastic-plastic boundary. These conditions follow from continuity of the stress and plastic strain distribution across
(ii) Continuity ofσ . At the onset of plastic yielding we have f = 0 and soσ (d(t), t) = σ y .
Using expression (10) for the equivalent stress in region E this condition can be rewritten
Since the boundary at which these conditions hold is curved in space-time, they can be looked at as boundary conditions as well as initial conditions. The latter is the interpretation which is typically used when considering an individual material point as it enters the plasticity regime, whereas the former corresponds to a more global picture of a plastic zone. In finite element implementations they are effectively treated as initial conditions.
Bending solution
Conditions (i) and (ii) as given above allow us to determine the integration functions d(t) and g(x 2 ) in a straightforward manner. Substituting them gives for the effective plastic strainε p in the plastic region the linear distributioñ
Explicit gradient plasticity
The first type of gradient-dependent plasticity theory which we consider is essentially that of Aifantis [2, 5] . For linear hardening and assuming a single governing length scale, the reformulated strain gradient plasticity theory of Fleck and Hutchinson [6] coincides with it. The latter authors have derived their theory from a work principle, allowing them to relate the gradient of plastic strain to a higher-order stress vector and to interpret the yield condition as a higher-order equilibrium equation [6] . Very similar gradient formulations, albeit with a gradient term of the opposite sign, have also been used to regularize the localization of deformation in softening plasticity, see e.g. [10] .
Summary of constitutive relations
The gradient plasticity theory considered here coincides with the elastoplasticity formulation of section 2.1, except for the definition of the yield function, (3). This definition is replaced here by
where ∇ 2 = ∂ 2 /∂x i ∂x i denotes the Laplacian operator and the factor l 2 , with l the intrinsic length scale, appears for dimensional consistency. It can easily be seen that as a result of definition (14) the (equivalent) stress state in the plastic region depends explicitly on the second gradient of plastic strain-hence the term 'explicit gradient theory' which we use for this formulation.
Since definition (14) introduces second-order gradients in the continuum description, it must be complemented by nonstandard boundary conditions. A common choice is the homogeneous natural boundary condition
where n i represents the unit vector normal to the boundary. In Fleck and Hutchinson's terminology this condition indicates a vanishing higher-order traction at the boundary [6] . It therefore matches well with our assumption that the free surface of the foil does not present any obstacle to plastic yielding.
Bending problem-governing equation
Since the influence of the (plastic) strain gradient comes into play only in the yield function, the equations which govern the elastic deformation of the foil do not change with respect to the classical case. In the plastic regime, substitution ofḟ = 0 in (9) now results iṅ where λ is an effective length scale which is defined as
As a consequence of the presence of the gradient term in the yield function, (16) is now a partial differential equation, as opposed to the ordinary differential equation (11) governing the standard plasticity case. The general solution to (16) reads
where f c (t), f s (t) and g(x 2 ) are for the moment arbitrary functions, which need to be determined from the boundary data. Note that apart from the function g(x 2 ) of x 2 also two 'integration functions' of time, f c (t) and f c (t), appear due to the presence of a second-order spatial gradient in (16). In addition to f c (t), f s (t) and g(x 2 ), the position of the elastic-plastic boundary, d(t), is also yet to be determined-note that this position may be different from that in the standard case because the yield function has changed.
Necessary conditions
The domain on which the equations governing explicit gradient plasticity hold has been sketched in figure 3 . It can be shown that the plastic zone grows faster than for the standard elastoplasticity theory. As a consequence, it reaches the neutral axis at a finite time t = t 2 , after which the entire cross-section of the foil has become plastic (region P2 in the diagram). In this part of the solution domain, the situation with respect to initial conditions and boundary conditions is relatively uncomplicated: since d(t) is known to be equal to d(t) = 0, only three unknown functions, f c (t), f s (t) and g(x 2 ), remain. Once the solution on region P1 is known, it can be taken as an initial condition at t = t 2 . The other two conditions are obtained by applying boundary condition (15) at the top surface (i.e. at x 2 = H ) and a symmetry condition at the neutral axis (x 2 = 0). However, since our main interest in this contribution is in the conditions at the moving elastic-plastic boundary, we will concentrate here on region P1 in the diagram. The lower-left boundary of this region is again curved and depends on the yet unknown function d(t). Four conditions are thus required to determine the four unknown functions d(t), f c (t), f s (t) and g(x 2 ) on P1. They are the following.
(i) Continuity ofε p . As before, this impliesε p (d(t), t) = 0.
(ii) Continuity ofσ . The equivalent stress on the elastic side of the elastic-plastic boundary, given by (10), should equal that on the plastic side, which in the new definition of f is given by σ y + hε p − hl 2 ∇ 2ε p (cf (14)). For the present situation, and using condition (i), this results in
(iii) Boundary condition (15) at x 2 = d(t). In the Fleck-Hutchinson interpretation of hl 2 n i ∂ε p /∂x i as a higher-order traction [6] , this condition indicates the absence of such a traction acting on the plastic region from within the elastic region. It is hard to imagine how a nonvanishing higher-order traction could act across this internal boundary and result in an energy exchange between the elastic and the plastic region. For the present situation we have ∂ε p /∂x 2 x 2 =d(t) = 0. (iv) Boundary condition (15) at x 2 = H . Similar to the previous condition, this condition indicates that the plastic deformation of the foil is not influenced by a higher-order traction at the free surface of the foil. It results in ∂ε p /∂x 2 x 2 =H = 0.
Apart from the one at free surface, condition (iv), the above conditions can again be looked at as either boundary or initial data. Note that unlike the suggestion made by Fleck and Hutchinson [6] , conditions (iii) and (iv) are formulated in terms of the plastic strain gradient (or higher-order traction) itself rather than its time derivative. For the stationary condition (iv) at x 2 = H this does not make any difference, but for a moving boundary such as the elastic-plastic boundary x 2 = d(t) the difference may be quite significant. We believe that the higher-order traction hl 2 ∂ε p /∂x 2 itself is the proper thermodynamical conjugate to the gradient of the effective plastic strain rate and should therefore be prescribed as a boundary condition.
Of the above conditions, particularly stress continuity (condition (ii)) presents a challenge when implementing the explicit gradient theory-and variants of it such as the 2001 FleckHutchinson theory [6] -in a finite element code. The reason is that this condition requires some form of control on the second gradient of the effective plastic strain at a position which is not known in advance. For a very similar gradient plasticity formulation, de Borst and Pamin [11] gained this control by either using C 1 -continuous shape functions or by interpolating the gradient of plastic strain next to the plastic strain itself. Both alternatives, however, become quite tedious and sensitive to numerical parameters such as the number of Gauss points used. Niordson [12] , in his implementation of the Fleck-Hutchinson theory, uses σ y as an initial value for the (explicit) time integration ofσ and thus appears to neglect the gradient term (19).
Bending solution
Returning to our derivation of an analytical solution to the bending problem, substitution of the general solution (18) in conditions (i)-(iii) allows us to solve for the functions f c (t), f s (t) and g(x 2 ) in terms of d(t). The resulting expressions are not given here for brevity. The position of the elastic-plastic boundary, d(t), should follow from the remaining condition, (iv), which using the results obtained so far can be rewritten as A closed-form solution of this equation has not been obtained. Numerical solutions, however, show a growth in the plastic zone which is faster than in the standard elastoplasticity theory and which results in the entire cross-section becoming plastic, as suggested by figure 3 . Substitution of f c (t), f s (t) and g(x 2 ) and the use of (20) allow one to rewrite the general solution (18) forε p as Figure 4 shows this solution (solid curves) along with the standard elastoplastic solution (13) (dashed lines) for an increasing level of curvature κ. Young's modulus was set to E = 100 σ y in generating these curves and the hardening modulus h = 20 σ y . For the intrinsic length scale a value of l = 0.2 H was used. It can be clearly seen in the diagram that the plastic zone indeed grows faster than in the conventional theory due to the gradient influence-at the last depicted stage, for which κH = 0.1, it has virtually reached the neutral axis. At the free surface (x 2 = H ), the requirement that the gradient ofε p should vanish results in a boundary layer in which the plastic strain is reduced compared with the standard solution. Since the total deformation is prescribed to be identical in the two cases, this reduced plastic strain must be compensated by an increased elastic strain, which results in an increased stress level. It is this increased stress at the outer fibres of the foil which ultimately results in a size effect, because the thickness of the boundary layer does not scale with H . For a more detailed analysis of the predicted size effect we refer to [13] .
Implicit gradient plasticity
We have seen in the previous section that the explicit gradient plasticity theory requires an additional condition at the elastic-plastic boundary and that the resulting set of conditions cannot easily be met in finite element implementations. It was mainly this observation which motivated us to propose an alternative theory in [7] . In this alternative theory, the explicit gradient of plastic strain which appears in (14) has been replaced by the difference between the conventional effective plastic strainε p and a more smooth nonlocal effective plastic strain ε p . The latter is defined as the solution of a modified Helmholtz equation, which also involves its second gradient. Since this gradient enters the theory in a less explicit way than in the explicit theory of section 3, it has been termed implicit gradient plasticity; this terminology is in accordance with that used in our earlier work on gradient damage theories, (see, e.g. [8] ).
Summary of constitutive relations
As for the explicit gradient plasticity theory discussed in section 3, the main difference between its implicit counterpart and the classical theory appears in the yield function f . In the implicit theory, it is defined as [7] f =σ − σ y − hε p −h(ε p −ε p ).
The last, nonstandard term in this expression features a nonlocal effective plastic strainε p . This additional field variable is defined as the solution of the modified Helmholtz equation
and the homogeneous natural boundary condition
As demonstrated in [7] , all these relations can be derived from a free-energy potential via thermodynamical arguments. These arguments also show that, contrary to the explicit gradient theory of section 3, equation (23) holds everywhere on the domain, i.e. including the elastic region. As a consequence, the boundary condition (24) must be applied only at the external boundary of the problem domain and not at the (internal) elastic-plastic boundary. This simplifies the finite element implementation considerably, also see [7] .
Governing equations
In the elastic region, we haveε p = 0 and (23) can therefore be rewritten as
In the plastic part of the domain, on the other hand, plastic yielding must satisfy the consistency conditionḟ = 0. Substitution of expression (22) in this relation and the use of the time derivative of (23) allow us to rewrite (9) aṡ
where the effective length scale λ is now defined as
Interestingly, for the same length scale parameter l this effective length scale turns out to be quite different from that obtained for the explicit theory, cf. (17). Whereas (17) necessarily results in a λ which is significantly smaller than l, we have λ > l for (27). This suggests that a different-smaller-length scale l must be used in the implicit gradient theory in order to obtain a similar boundary layer thickness as in the explicit theory.
.
Note the similarity between this expression and expression (21) for the explicit theory. Equation (31) has again been solved numerically. The same parameters were used as in section 3, except for the intrinsic length scale l, which was selected such that the same effective length scale λ resulted as for the explicit theory. The additional parameterh was set toh = E. The resulting local and nonlocal plastic strain distributions are displayed in figure 5 . These profiles show a boundary layer effect which is similar in nature and magnitude to that predicted in the explicit theory (cf figure 4) . As a result, the size effect predicted by the implicit theory is similar to that of the explicit theory [7] . Unlike the explicit gradient solution, the local plastic strain profiles reach the external as well as the internal (elastic-plastic) boundary at a positive slope. The gradient of the nonlocal plastic strain, however, does vanish at the boundaries, as required by the boundary conditions we have set.
Conclusion
The analysis which we have presented clarifies the number and type of nonstandard boundary conditions required by phenomenological gradient plasticity theories for predicting size effects.
In explicit gradient plasticity theories such as those proposed by Aifantis [2, 5] and by Fleck and Hutchinson [6] these conditions have so far been surrounded by confusion, particularly at moving elastic-plastic boundaries. As a consequence, assumptions have been made in finite element implementations which are sometimes at odds with the requirements of the underlying continuum theory. We believe that the conditions presented in section 3 are the only reasonable ones for the situation considered here. Alternative conditions may be imagined only where the plastic zone touches a passivated surface or a perfectly bonded hard inclusion. In such situations a complete restriction of plastic flow at the boundary may be reasonable. The question of nonstandard boundary conditions is more transparent for a recently proposed implicit gradient plasticity theory [7] . In this theory, boundary conditions are always defined at the external boundary of the problem and the question how to define them at a moving elastic-plastic boundary thus never arises.
For both types of theories we have presented closed-form plastic strain distributions against which numerical implementations can be validated. Such a comparison is presented for the implicit gradient theory in [7] .
